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Main theorems

Theorem
Ring R is semisimple

⇐⇒ Every left / right R-module is projective
⇐⇒ Every left / right R module is injective

Theorem
Ring R is von Neumann regular

⇐⇒ Every right R-module is flat
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Definition of semisimple module

Definition
R: a ring
M ∈ RMod
M is simple (irreducible), if: M ̸= {0} has no non-trivial
submodule
M is semisimple (completely reducible), if: it is a direct sum of
simple modules.

{0} = ⊕i∈∅Si is semisimple, but not simple.
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Semisimple module iff submodule direct summand

Proposition
R: a ring
M ∈ RMod
M is semisimple ⇐⇒ every submodule is a direct summand.

5 / 26



Homological
Algebra 4.1

& 4.2
Zero

Overview

Semisimple Rings

von Neumann
Regular Rings

Summary

6 / 26



Homological
Algebra 4.1

& 4.2
Zero

Overview

Semisimple Rings

von Neumann
Regular Rings

Summary

Submodule and quotient module

Corollary
Every submodule and every quotient module of a semisimple
module M is semisimple.
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Direct sum of left ideals

Lemma
If a ring R is a direct sum of left ideals, say, R = ⊕i∈ILi, then
only finitely many Li are non-zero.
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Definition of semisimple ring

Definition
A ring R is semisimple, if: it is semisimple as a left R-module;
if: it is a direct sum of minimal left ideals.

Definition
R: a ring
L ⊆ R is the minimal ideal, if: L ̸= {0}, and there is no left
ideal J, s.t., {0} ⫋ J ⫋ L.
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Examples

• (ii) A ring is left semisimple if and only if it is right
semisimple. See, Advanced Modern Algebra, P563,
Corollary 8.57. Proved by (i).

• (v) A finite direct product of fields is semisimple.
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The main theorem

Theorem
TFAE:
(i) R is semisimple
(ii) Every left / right R-module M is a semisimple module
(iii) Every left / right R-module M is injective
(iv) Every short exact sequence of left / right R-module splits
(v) Every left / right R-module M is projective
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Opposite ring

Definition
(R,+, ·) is a ring
(Rop,+, ·op): the opposite ring
·op defined as: r1 ·op r2 = r2 · r1
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Enveloping algebra

Definition
k: commutative ring
L: k-algebra, commutative
Lop = L: because L is commutative
Le := L ⊗ Lop = L ⊗ L: the enveloping “group” of L. The
operation is +.
Define ×: (a1 ⊗ b1)(a2 ⊗ b2) = a1a2 ⊗ b1b2.
Define scalar: r(a ⊗ b) = (ra)⊗ b = a ⊗ (br).
Le is an algebra, enveloping algebra.

We use Le as ring.
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finite separable extension and projective

Theorem
If L and k are fields and L is a finite separable extension of k,
then L is a projective Le-module, where Le is the enveloping
algebra.
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Definition of von Neumann regular rings

Definition
A ring R is von Neumann regular, if: ∀r ∈ R, there ∃r′ ∈ R, s.t.,
rr′r = r.
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Examples

Example
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Finitely generated ideal is principal

Lemma
If R is a von Neumann regular ring, then every finitely generated
left / right ideal is principal, and it is generated by an
idempotent.
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The main theorem (Harada)

Theorem
A ring R is von Neumann regular if and only if every right
R-module is flat.
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Relations between these two rings

Corollary
Every semisimple ring is von Neumann regular.

25 / 26



Homological
Algebra 4.1

& 4.2
Zero

Overview

Semisimple Rings

von Neumann
Regular Rings

Summary

Summary

26 / 26


	Overview
	Semisimple Rings
	von Neumann Regular Rings
	Summary

